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Abstract
We study the non-abelian extension of the soldering process of two chiral WZW
models of opposite chiralities, resulting in a (non-chiral) WZW model living in
a 2D space-time with non trivial Riemanian curvature.
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1 In a recent work, Stone[1] has shown that the method of coadjoint orbit[2],
when applied to a representation of a group associated with a single affine
Kac-Moody algebra, provides an action for the chiral WZW model, or Son-
neschein chiral boson[3], which is a non-abelian generalization of the Floreanini
and Jackiw model for chiral scalar fields[4]. This method provides an use-
ful bosonization scheme for Weyl fermions, since a level one representation of
LU(N) has an interpretation as the Hilbert space for a free chiral fermion[5].
The drawback of this approach is that only Weyl fermions can be dealt
with in this way, since 2D conformally invariant QFT has separate right and
left current algebras. This is in contrast to the result of Gepner and Witten[6],
showing that necessity for modular invariance leads to the same representation
for the right and left affine KM algebras in the WZW model[7].
In order to overcome this difficulty, Stone[8] proposed to solder two chiral
models, introducing a non-dynamical gauge field to remove the degree of free-
dom that obstructs the vector gauge invariance. He observed that the equality
for the weights in the two representations is physically connected with the need
to abandon one of the two separate chiral symmetries, and accept that only
vector gauge symmetry should be mantained.
More recently, this author and collaborators[9] showed that soldering two
Siegel models[10] of opposite chiralities results in an action for the scalar field
immersed on a 2D space-time with non-trivial Riemanian curvature. In this
Note, we extend that result to non-abelian fields, and show that soldering, a
la Stone, two chiral WZW models results in a WZW model coupled to gravity.
The result so obtained implies that the effective action that comes out of the
soldering process is invariant under the full diffeomophism group, which is not
a mere sum of two Siegel symmetries.
2 To begin with, let us review some known facts about the non-abelian Siegel
model[11]. The action for a left mover particle is given as2
S
(+)
0 (g) =
∫
d2x tr (∂+g ∂−g˜ + λ++∂−g ∂−g˜) + ΓWZ(g) (1)
where g ∈ G is a matrix-valued field taking values on some compact Lie group
G, with an algebra G. The term ΓWZ(g) is the topological Wess-Zumino func-
tional, as defined in Ref.[12]. This action can be seen as the WZW action,
2Our notation is as follows: x± = 1
2
(t± x) are the light-cone variables and g˜ = g−1 is the inverse
matrix.
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immersed in a gravitational background, with an appropriately truncated met-
ric tensor:
S
(+)
0 (g) =
1
2
∫
d2x
√−η+ ηµν+ tr (∂µg ∂ν g˜) + ΓWZ(g) (2)
with η+ = det(η+µν) and
1
2
√−η+ ηµν+ =
(
0 12
1
2 λ++
)
(3)
Out of the two affine invariances of the original WZW model, only one is left
over due to the chiral constraint ∂−g ≈ 0. To see this we compute the Noether
currents for the axial, vectorial and chiral transformations. The variation of
the Siegel-WZW action (2) gives
δS
(+)
0 (g) =
{ ∫
d2x tr {δgg˜ 2 [∂+ (∂−gg˜) + ∂− (λ++∂−gg˜)]}∫
d2x tr {g˜δg 2 [∂− (g˜∂+g) + ∂− (λ++g˜∂−g)]} (4)
From (4) and the axial transformation (g → kgk), we obtain
J+A = 2g∂−g˜
J−A = −2 [g˜∂+g + λ++(g˜∂−g + ∂−g g˜)] (5)
where k ∈ H take their values in some subgroup H of G. For the vectorial
transformation (g → k˜gk) we obtain
J+V = 2g∂−g˜
J−V = 2 [g˜∂+g + λ++(g˜∂−g − ∂−g g˜)] (6)
One observes that the axial and the vectorial currents above are dual to each
other in the extended sense
∗T µ =
√−η ηµνǫµλT λ (7)
as can be easily checked. Also, using the truncate metric ηµν+ to lower spacetime
indices, we get
J+ = J
− − 2λ++J+
J− = J
+ (8)
3
The chiral currents can be obtained either from the left (g → gk) and right
(g → k˜g) transformation, or from the definition
J
µ
L =
1
2
(JµA − JµV )
J
µ
R =
1
2
(JµA + J
µ
V ) (9)
The result is
J
(+)
L = 0
J
(−)
L = 2 (g˜∂g + λ++g˜∂−g) (10)
and
J
(+)
R = −2g∂−g˜
J
(−)
R = −2λ++g∂−g˜ (11)
As mentioned, the affine invariance is only present in the left sector since J
(+)
L =
0 and ∂−J
(−)
L = 0, which implies J
(−)
L = J
(−)
L (x
+), while J
(−)
R 6= 0 and J (+)R 6=
J
(+)
R (x
−).
Similarly, for the other chirality, we have
S
(−)
0 (h) =
∫
d2x tr
(
∂+h∂−h˜+ λ−−∂+h∂+h˜
)
− ΓWZ(h)
=
1
2
∫
d2x
√−η− ηµν− tr
(
∂µh∂ν h˜
)
− ΓWZ(h) (12)
where
1
2
√−η− ηµν− =
(
λ−−
1
2
1
2 0
)
(13)
The set of axial, vector and chiral Noether currents are
J
(+)
A (h) = 2
[
h˜∂−h+ λ−−
(
h˜∂+h+ ∂+hh˜
)]
J
(−)
A (h) = 2 ∂+gg˜ (14)
4
J
(+)
V (h) = 2
[
h˜∂−h+ λ−−
(
h˜∂+h− ∂+h h˜
)]
J
(−)
V (h) = −2 ∂+h h˜ (15)
J
(+)
L (h) = 2 ∂+h h˜
J
(−)
L (h) = 2 λ−− ∂+h h˜ (16)
J
(+)
R (h) = 2
(
h˜∂−h+ λ−− h˜∂+h
)
J
(−)
R (h) = 0 (17)
Next, let us consider the gauging procedure to be adopted in the soldering
of the right and the left Siegel actions. As discussed in [13], the coupling with
gauge fields is only consistent if used the correspondent chiral current, otherwise
the equations of motion, after the gauging, will result being incompatible with
the covariant chiral constraint. This can be done quite simply by using an
iterative Noether procedure to gauge the global (left) chiral transformation
g → gk
λ++ → λ++
A− → k˜A−k + k˜∂−k (18)
To compensate for the non-invariance of S
(+)
0 , we introduce the coupling term
S
(+)
0 → S(+)1 = S(+)0 +A−J−L (g) (19)
along with the gauge field A−, taking values in the subalgebra H of H, whose
transformation properties are being defined in (18). Using the transformations
laws above, it is a simple algebra to find
δ
(
S
(+)
1 − λ++A2−
)
= 2 ∂+ω A− (20)
where ω ∈ H is an infinitesimal element of the algebra H. One can see that
S
(+)
2 = S
(+)
1 − λ++ A2− cannot be made gauge invariant by addtional Noether
counter-terms, but it has the virtue of being independent on the transformations
properties of g. Similarly, for the opposite chirality we find
δS
(−)
2 = − 2 A+ ∂−ω (21)
for
S
(−)
2 (h) = S
(−)
0 (h)−A+J+R (h) − λ−− A2+ (22)
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when the fields transform as
h → hk
A+ → kA+k˜ + k∂+ k˜
λ−− → λ−− (23)
Altough the gauged actions for each chirality cannot be made gauge invariant
separately, one can show that, with the inclusion of a contact term, their sum
can. Indeed, the combined action
Stot = S
(+)
2 + S
(−)
2 + 2A+ A− (24)
is invariant under the set of transformations (18) and (23).
Following Ref.[1], we eliminate the (non dynamical) gauge field Aµ. From
the equations of motion one gets
J = 2MA (25)
with
J =
(
J−L (g)
J+R (h)
)
(26)
A =
(
A+
A−
)
(27)
and
M =
(
1 λ++
λ−− 1
)
(28)
Bringing these results into the effective action (24) gives,
Seff = S
(+)
0 (g) + S
(−)
0 (h) +
+
∫
d2x
1
1− λ2 tr
{
2
[
g˜∂+g h˜∂−h+ λ
2 g˜∂−g h˜∂+h+
+ λ++ g˜∂−g h˜∂−h+ λ−− g˜∂+g h˜∂−h
]
+
+ λ−−
(
∂+g ∂+g˜ + 2λ++ ∂+g ∂−g˜ + λ
2
++ ∂−g ∂−g˜
)
+
+ λ++
(
∂−h ∂−h˜+ 2λ−− ∂+h ∂+h˜+ λ
2
−−
∂+h ∂+h˜
)}
(29)
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where λ2 = λ++λ−−. To finish, we show that this effective action correspond
to that of a (non-chiral) WZW model. To this end we define a new metric
tensor as,
1
2
√−η ηµν = 1
1− λ2
(
λ−−
1+λ2
2
1+λ2
2 λ++
)
(30)
and a new (effective) field
G = gh˜ (31)
Now, making use of the property of the Wess-Zumino functional ΓWZ(h) =
− ΓWZ(h˜), and of the Polyakov-Wiegman identity[12],it becomes a simple al-
gebra to show that the effective action above can be rewritten as
S =
1
2
∫
d2x
√−η ηµν tr
(
∂µG ∂ν G˜
)
+ ΓWZ(G) (32)
which shows that the effective field G satisfy a WZW model coupled minimally
to gravity, which is the result claimed.
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